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Abstract
We obtain a solution of the Seiberg-Witten map for the gauge sector of mul-
tiple Dp-branes in large R-R (p− 1)-form background up to the first-order in the
inverse R-R field background. Applying the solution of Seiberg-Witten map and
then electric-magnetic duality on the non-commutative D3-brane theory in large
R-R 2-form background to show the expected commutative diagram of Seiberg-
Witten map and electric-magnetic duality. The multiple D-branes theory in the
large R-R field background can be obtained straightforwardly by changing the
gauge group from the commutative description, and it shows a difference from
the known construction.
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1 Introduction
String theory describes 1d object, string. The string can be closed, which forms a
closed-loop, or open, which forms a segment with two endpoints. When a distance
scale is much larger than the string scale, the string should be behave like ordinary par-
ticles, and the parameters should be determined by the string states. The endpoints of
open string lie in a D-brane, and worldvolume dynamics for a D-brane is described by a
U(1) gauge theory. Requiring conformal invariance, the low-energy effective description
of a D-brane is governed by Dirac-Born-Infeld theory [1, 2]. Because open string theory
has the non-commutative relation between the target spaces due to the endpoints, the
D-brane can also be described in a non-commutative space [3].
The non-commutative and commutative descriptions are equivalent by the field redefi-
nition, Seiberg-Witten (SW) map [4, 5, 6, 7, 8, 9]. By assuming that the SW map and
gauge transformation are commute, the SW map can be found [4]. For the D-brane
theory, the ordinary product in the commutative description is replaced by the Moyal
product in the non-commutative description. Because the stringy or α′ correction is
contained in the Moyal product with the non-commutativity parameter, which is in-
versely proportional to the Neveu-Schwarz–Neveu-Schwarz (NS-NS) field background,
the non-commutative gauge theory is useful in a study of brane theory.
The study of non-commutative gauge theory was extended to the M-theory. The ex-
istence of M-theory was conjectured by the duality like the T-duality between type
IIA string theory and M-theory. The M-theory still does not have a complete un-
derstanding, but it is expected to contain membranes (M2-branes) and M5-branes.
The entropy of coincident N D-branes [10] is scale as N2 at the large-N limit, but
the multiple M5-branes is scale as N3. We expect that the M5-branes should be de-
scribed by a new gauge formulation, not as the D-branes. Hence studying M5-branes
should be useful for obtaining clues of the M-theory. The non-commutative descrip-
tion of M5-brane theory [11, 12] for an open membrane ending on an M5-brane (M2-M5
brane) in a large C-field background was constructed from infinitely many M2-branes or
Bagger-Lambert-Gustavsson model [13, 14, 15, 16]. This M2-M5 brane theory is called
Nambu-Poisson (NP) M5 theory. Because the NP M5-brane theory is in a large C-field
background limit, the new gauge symmetry, the volume-preserving diffeomorphism, is
described by the Nambu-Poisson bracket. By the double dimensional reduction, which
simultaneously compactifies directions in the target space and on an M5-brane, the NP
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M5 theory consistently reduced to the non-commutative description of a D4-brane in a
large NS-NS B-field background [17] and also the new non-commutative gauge theory,
D4-brane in a large Ramond-Ramond (R-R) C-field background [18]. By the T-duality,
the non-commutative D4-brane in a large C-field background can be extended to the
Dp-brane in a large (p − 1)-form field background [19]. The Nambu-Poisson bracket
was also extended to the (p − 1)-bracket [19]. When p = 3, the non-commutative D3-
brane in a large NS-NS background is S-dual to the non-commutative D3-brane in a
large R-R background [20, 21]. The scaling limits are also related to each other by
the S-duality [20]. Hence the non-commutative D-brane theory in a large R-R field
background is a successful and clear construction, but the SW map and the extension
to multiple D-branes were not done so far. The central question that we would like
to address in this letter is the following: What is the relation between the commutative
and non-commutative descriptions in the large R-R field background?
In this letter, we obtain a solution of the SW map for the D-branes in the large R-R
field background up to the first-order in the inverse R-R field background. The electric-
magnetic (EM) duality should be expected to commute with the SW map because the
EM duality can be seen as a transformation for exchanging the electric and magnetic
fields without changing a theory. We reduce the solution to the U(1) case and confirm
that the solution can form a commutative diagram between the EM duality and SW
map. By integrating out a 2-form gauge potential, the commutative description of
the D4-brane theory can do a direct extension to the multiple D4-branes theory from
the gauge group. In the final, we discuss the difference between the non-commutative
multiple D4-branes in a large R-R C-field background and the known construction [19]
from the SW map.
2 SW Map for D-branes
We first review the necessary contents of multiple D-branes in a large R-R field back-
ground [18] for solving the SW map [4].
2.1 Review of Multiple Dp-branes
The gauge transformation for the non-commutative multiple Dp-branes theory in a
large (p−1)-form field background is [18]: δˆΛˆbˆµ˙ = κˆµ˙+ gκˆν˙∂ν˙ bˆµ˙; δˆΛˆaˆµ˙ = ∂µ˙λˆ+ i[λˆ, aˆµ˙]+
g(κˆν˙∂ν˙ aˆµ˙ + aˆν˙∂µ˙κˆ
ν˙); δˆΛˆaˆα = ∂αλˆ+ i[λˆ, aˆα] + g(κˆ
ν˙∂ν˙ aˆα + aˆν˙∂ακˆ
ν˙), where the fields with
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ˆ denotes the non-commutative description. The commutative description of fields is
denoted by a notation without the ˆ later. The coupling constant g is defined as
g ≡ 1/C1˙2˙···p˙−1˙, where C1˙2˙···p˙−1˙ is a large R-R (p − 1)-form field background and only
alone the µ˙ = 1˙, 2˙, · · · , p˙ − 1˙ direction. Another direction of spacetime is labeled by
α = 0, 1. The spacetime indices for all directions are labeled by I = (α, µ˙). The
spacetime indices are raised or lowered by the flat metric ηIJ ≡ diag(−,+,+, · · · ,+).
The κˆµ˙ and λˆ are gauge parameters are associated with the gauge potentials bˆ and aˆ
respectively. The bˆ takes the value of U(1), and the aˆ takes the value of U(N). The
commutator is defined as [O1,O2] ≡ Oc1Od2(T cT d− T dT c), where T c is the generator of
a Lie algebra. The indices of a Lie algebra are labeled by c and d. The scaling limit for
the Dp-brane gives a good approximation for such a R-R background [19]: ls ∼ ǫ1/2;
gs ∼ ǫ−1/2; Cµ˙1µ˙2···µ˙p−1 ∼ ǫ0; gαβ ∼ ǫ0; gµ˙ν˙ ∼ ǫ; ǫ → 0, where ls ≡ (α′)1/2 is the string
length, gs is the string coupling constant, and gαβ and gµ˙ν˙ are the spacetime metric.
The gauge transformation is non-trivial because the covariant field strength for the
non-Abelian group U(N) can be generalized from a similar way to the U(1) case [18]:
Fˆµ˙ν˙ ≡ Fˆµ˙ν˙ + g(∂σ˙bˆσ˙Fˆµ˙ν˙ − ∂µ˙bˆσ˙Fˆσ˙ν˙ − ∂ν˙ bˆσ˙Fˆµ˙σ˙); Fˆαµ˙ ≡ (Vˆ −1)µ˙ν˙(Fˆαν˙ + gFˆν˙δ˙Bˆαδ˙); Fˆαβ ≡
Fˆαβ + g(−Fˆαµ˙Bˆβµ˙ − Fˆµ˙βBˆαµ˙) + g2Fˆµ˙ν˙Bˆαµ˙Bˆβν˙ , where Bˆαµ˙ takes the value of U(1), and
FˆIJ ≡ ∂I aˆJ − ∂J aˆI − i[aˆI , aˆJ ]. The Vˆν˙ µ˙ is define by Vˆν˙ µ˙ ≡ δν˙ µ˙ + g∂ν˙ bˆµ˙, and the Bˆαµ˙
satisfies Vˆµ˙
ν˙(∂αbˆν˙− Vˆ ρ˙ν˙Bˆαρ˙)+ ǫαβFˆU(1)βµ˙ +gǫαβFˆU(1)µ˙ν˙ Bˆβν˙ = 0, where FˆU(1)IJ is the Abelian
strength. Obtaining a non-Abelian gauge theory from the Abelian gauge theory is
necessary to introduce the non-Abelian gauge group to all gauge potentials before, but
the construction of D-branes is not (the gauge group of b field remains U(1)) [18]. Hence
this new non-commutative gauge formulation is particularly interesting, and it should
be interesting to solve the SW map and study the commutative description.
2.2 SW Map
The SW map [4] is commute with the gauge transformation, and it satisfies the mathe-
matical relations: bˆµ˙(b+δΛb)−bˆµ˙(b) = δˆΛˆbˆµ˙ and aˆI(a+δΛa, b+δΛb)−aˆI(a, b) = δˆΛˆaˆI . Up
to the first-order in g, the solution is given by: bˆµ˙(b) = bµ˙+(g/2)bν˙∂ν˙b
µ˙+(g/2)bµ˙∂ν˙b
ν˙+
O(g2); aˆI(a, b) = aI+g(bρ˙∂ρ˙aI+aρ˙∂Ibρ˙)+O(g2); κˆµ˙ = κµ˙+(g/2)bν˙∂ν˙κµ˙+(g/2)(∂ν˙bν˙)κµ˙−
(g/2)(∂ν˙b
µ˙)κν˙ +O(g2); λˆ = λ+ gbρ˙∂ρ˙λ+O(g2). Because the gauge group of bˆµ˙ and κˆµ˙
remains U(1), the solution of the SW map remains the same as in the NP M5 brane
theory [17]. Because the gauge potential aˆ
U(1)
α cannot come up without a complicated
dual [18], and the solution of the λˆU(1) cannot be derived directly from the NP M5-brane
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theory [11], the solution of the SW map for the multiple D-branes in the large R-R field
background is non-trivial. We will check the solution of the SW map from the expected
relation between the D3-brane theory in the large NS-NS field background field and the
D3-brane theory in the large R-R field background.
3 EM Duality and SW Map
Ones already showed that performing the EM duality on the non-commutative D3-brane
theory in a large R-R field background [19] is dual to the non-commutative D3-brane
theory in a large NS-NS field background [20, 21], which is also dual to the commutative
D3-brane theory in the large NS-NS field background by the SW map [4]. Therefore,
we only need to show that the non-commutative D3-brane theory in the large R-R
field background by exchanging the ordering of the EM duality and SW map is dual to
the commutative D3-brane theory in the large NS-NS field background. Then we can
conclude that the EM duality and SW map form a commutative diagram.
Because no people solved the SW map for the D-brane theory in the large R-R field
background and show the commutative description to the theory, we first write down
the commutative description of the D4-brane in the large R-R field background and
begin from the below action [18]
SNRR4 =
∫
d2xd3x˙
(
− 1
2
Hˆ1˙2˙3˙Hˆ1˙2˙3˙ −
1
4
Fˆν˙ρ˙Fˆ ν˙ρ˙ + 1
2
Fˆβµ˙Fˆβµ˙ + 1
2g
ǫαβFˆαβ
)
, (1)
where
Hˆ1˙2˙3˙ ≡ ∂µ˙bˆµ˙ +
g
2
(∂ν˙ bˆ
ν˙∂ρ˙bˆ
ρ˙ − ∂ν˙ bˆρ˙∂ρ˙bˆν˙) + g2{bˆ1˙, bˆ2˙, bˆ3˙};
{O1,O2,O3} ≡ ǫµ˙ν˙ρ˙∂µ˙O1∂ν˙O2∂ρ˙O3. (2)
This action was derived from the NP M5 action [11] through the double dimensional
reduction on the x2 direction directly [18].
Applying the SW map, we rewrite the covariant field strength in terms of the commu-
tative description of fields:
Hˆ1˙2˙3˙ = ∂µ˙bµ˙ + g(∂µ˙bµ˙∂ν˙bν˙ + bµ˙∂µ˙∂ν˙bν˙) +O(g2);
Fˆµ˙ν˙ = Fµ˙ν˙ + g(bρ˙∂ρ˙Fµ˙ν˙ + ∂σ˙bσ˙Fµ˙ν˙) +O(g2);
Fˆαµ˙ = Fαµ˙ + g(bν˙∂ν˙Fαµ˙ + ǫαβFµ˙σ˙F βσ˙) +O(g2);
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Fˆαβ
= Fˆαβ
+g(−Fαµ˙∂βbµ˙ − ǫβγFαµ˙F γµ˙ − Fµ˙β∂αbµ˙ − ǫαγFµ˙βF γµ˙)
+g2(−Fαµ˙Fβσ˙F µ˙σ˙ − Fµ˙βFασ˙F µ˙σ˙
+ǫαγǫβδFµ˙ν˙F
γµ˙F δν˙ − bν˙∂ν˙Fαµ˙∂βbµ˙ − 1
2
Fαµ˙∂βb
ν˙∂ν˙b
µ˙ − 1
2
Fαµ˙b
ν˙∂β∂ν˙b
µ˙
−1
2
Fαµ˙∂βb
µ˙∂ν˙b
ν˙ − 1
2
Fαµ˙b
µ˙∂β∂ν˙b
ν˙ − ǫβγbν˙∂ν˙Fαµ˙F γµ˙
−ǫβγFαµ˙bν˙∂ν˙F γµ˙ − ∂βbν˙Fµ˙ν˙∂αbµ˙ + bν˙∂ν˙Fβµ˙∂αbµ˙ + 1
2
Fβµ˙∂αb
ν˙∂ν˙b
µ˙ +
1
2
Fβµ˙b
ν˙∂α∂ν˙b
µ˙
+
1
2
Fβµ˙∂αb
µ˙∂ν˙b
ν˙ +
1
2
Fβµ˙b
µ˙∂α∂ν˙b
ν˙ + ǫαγb
ν˙∂ν˙Fβµ˙F
γµ˙ + ǫαγFβµ˙b
ν˙∂ν˙F
γµ˙)
+O(g3). (3)
Note that the field strength Fˆαβ only appears in a total derivative term. This will not
appear in our action in the final. Hence we do not transform the Fˆαβ. Indeed, it is
still a total derivative term in the action after rewriting it in terms of the commutative
description of fields from the SW map.
After substituting the rewriting of the covariant field strength, we obtain the below
action:
SCRR4
=
∫
d2xd3x˙
[
− 1
2
H1˙2˙3˙H1˙2˙3˙ −
1
2
ǫαβFαβH1˙2˙3˙ −
1
4
Fµ˙ν˙F
µ˙ν˙ − 1
2
Fαµ˙F
αµ˙
+g
(
− 1
2
H1˙2˙3˙H1˙2˙3˙H1˙2˙3˙ −
1
4
H1˙2˙3˙F
µ˙ν˙Fµ˙ν˙ +
1
2
H1˙2˙3˙F
αµ˙Fαµ˙ − 1
2
ǫαβF
αµ˙F βσ˙Fµ˙σ˙
)]
= SNRR4 +O(g2), (4)
which is up to a total derivative term. The SCRR4 describes the commutative D4-
brane in a large R-R field background up to the first-order in g. We can find that
the action can be rewritten in terms of the Abelian field strength, expected from the
gauge transformation of the commutative description. In the final, we integrate out
the b field under the gauge fixing ǫµ˙ν˙λ˙∂µ˙bν˙ = 0, which is equivalent to using H1˙2˙3˙ =
−F01 + O(g) [18]. The first-order correction for this integration does not affect the
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first-order correction of the below action:
SCRR4a
=
∫
d2xd3x˙
[(
− 1
4
FIJF
IJ
+g
(
1
2
F01F01F01 +
1
4
F01F
µ˙ν˙Fµ˙ν˙ − 1
2
F01F
αµ˙Fαµ˙ − 1
2
ǫαβF
αµ˙F βν˙Fµ˙ν˙
)]
. (5)
Now the degrees of freedom for the gauge potential bµ˙ is replaced by the gauge potential
aα. The leading-order is the standard Abelian gauge theory.
Doing the dimensional reduction on the x3˙ direction on the D4-brane in the large R-R
field background obtains the D3-brane theory in the large R-R field background. The
action for the gauge sector is the same, except for the range of the index is changed
(µ˙ = 1˙, 2˙, 3˙→ µ˙ = 1˙, 2˙). Note that exchanging the ordering of the SW map and dimen-
sional reduction also reaches the same action.
Now we perform the EM duality. We promote the F to an un-constrained field by
introducing a new term (1/2)G˜IJF
IJ to the D3-brane theory as in the below
SEM1
=
∫
d2xd2x˙
[
− 1
4
FIJF
IJ
+g
(
1
2
F01F01F01 +
1
4
F01F
µ˙ν˙Fµ˙ν˙ − 1
2
F01F
αµ˙Fαµ˙ − 1
2
ǫαβF
αµ˙F βν˙Fµ˙ν˙
)
+
1
2
G˜IJF
IJ
]
, (6)
where G˜IJ ≡ (1/2)ǫIJKLGKL; GIJ ≡ ∂IA¯J − ∂J A¯I . Integrating out A¯, it is equivalent
to using dF = 0, which is locally equivalent to F = dA. Hence this goes back to the
D3-brane theory in the large R-R field background, and the new term does not change
the theory.
Now we integrate out F to obtain the EM dual description, and it is equivalent to
varying F up to the first-order in g: 0 = −F01+ g
(
(3/2)F01F01− (1/2)F αµ˙Fαµ˙
)
+ G˜01+
O(g2); 0 = −Fµ˙ν˙ + g(F01Fµ˙ν˙ − ǫαβFαµ˙Fβν˙) + G˜µ˙ν˙ + O(g2); 0 = −Fαµ˙ + g(−F01Fαµ˙ −
ǫαβF
βν˙Fµ˙ν˙) + G˜αµ˙+O(g2). Up to the first-order in g, we can rewrite the F in terms of
the G˜: F01 = G˜01 + g
(
(3/2)G˜01G˜01 − (1/2)G˜αµ˙G˜αµ˙
)
+O(g2); Fµ˙ν˙ = G˜µ˙ν˙ + g(G˜01G˜µ˙ν˙ −
ǫαβG˜αµ˙G˜βν˙)+O(g2); Fαµ˙ = G˜αµ˙+g(−G˜01G˜αµ˙−ǫαβG˜βν˙G˜µ˙ν˙)+O(g2). After substituting
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the above relation to the action SEM1, the EM dual description is obtained as in the
below
SEM =
∫
d2xd2x˙
[
− 1
4
GIJG
IJ
+g
(
− 1
2
G1˙2˙G1˙2˙G1˙2˙ −
1
2
G1˙2˙G01G01 −
1
2
G1˙2˙G
αµ˙Gαµ˙
−1
2
ǫαβµ˙ν˙G
αµ˙Gβν˙G01
)]
. (7)
Now we introduce the D3-brane theory in the NS-NS field background and then consider
the large NS-NS field background limit to compare to the SEM . The non-commutative
D3-brane theory in the NS-NS field background is described by the action [4]
SNNSNS3 = −1
4
∫
d2xd2x˙ FˆIJ ∗ Fˆ IJ , (8)
where
FˆIJ ≡ ∂IAˆJ − ∂JAˆI + [AˆI , AˆJ ]∗;
O1 ∗ O2 ≡ O1 exp
(
θIJ
2
←−
∂ I
−→
∂ J
)
O2;
[O1,O2]∗ ≡ O1 ∗ O2 −O2 ∗ O1. (9)
The θIJ is the non-commutativity parameter, which is the inverse NS-NS field back-
ground [4]. This non-commutative gauge theory can be mapped to the commutative
gauge theory through the SW map [4] Aˆ(A + δλA) = Aˆ(A) + δˆλˆAˆ, where δλAI ≡ ∂Iλ
and δˆλˆAˆI ≡ ∂I λˆ − [λˆ, AˆI ]∗. The solution of the SW map up to the first-order in
the θ is given by [4]: AˆI = AI − θJK
(
AJ∂KAI − (1/2)AJ∂IAK
)
+ O(θ2) and λˆ =
λ + (1/2)θIJAJ∂Iλ + O(θ2). After the SW map, the action for the commutative D3-
brane theory in the NS-NS field background is obtained:
SCNSNS3 =
∫
d2xd2x˙
(
− 1
4
F IJFIJ +
1
2
F IJFIKθ
KLFLJ − 1
8
F IJFLKθ
KLFIJ
)
= SNNSNS3 +O(θ2), (10)
which is up to a total derivative term. When we apply the large NS-NS field background
limit or the scaling limit: ls ∼ ǫ1/4; gs ∼ ǫ1/2; Bµ˙ν˙ ∼ ǫ0; gαβ ∼ ǫ0; gµ˙ν˙ ∼ ǫ, the only
non-vanishing component of the NS-NS field background is B1˙2˙. In other words, the
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non-commutativity parameter only remains θ1˙2˙. Note that the scaling limit of the NS-
NS field background can be obtained from the scaling limit of the R-R field background
through the S-duality [20]: ls
√
gs → ls; 1/gs → gs. Hence the commutative D3-brane
theory in the large NS-NS field background is:
SCNSNS
=
∫
d2xd2x˙
[
− 1
4
F IJFIJ
+g
(
− 1
2
F1˙2˙F1˙2˙F1˙2˙ −
1
2
F1˙2˙F01F01 −
1
2
F1˙2˙F
αµ˙Fαµ˙ − 1
2
ǫαβµ˙ν˙F
αµ˙F βν˙F01
)]
,(11)
in which g becomes 1/B1˙2˙. After we replace F by G in the action SCNSNS, we obtain
SEM . Hence we show that performing the SW map and then the EM duality on the
non-commutative D3-brane theory in the large R-R field background is dual to the
commutative D3-brane theory in the large NS-NS background. Combing our result and
the result of Ref. [21] shows that the EM duality and SW map form a commutative
diagram. This implies that the solution of the SW map is consistent with the non-trivial
test, S-duality. Later we apply the solution of the SW map to the multiple D4-branes
and discuss the relation between the commutative and non-commutative descriptions.
4 Discussion on Multiple D-branes
We can replace a U(1) gauge potential by a U(N) gauge potential to obtain the multiple
D-branes theory in the large NS-NS field background from the single D-brane theory.
The physical degrees of freedom are the same between the D3-brane theory in the R-R
field background and the D3-brane in the NS-NS field background by the EM duality.
Hence the multiple D-branes theory in the large R-R field background should be ob-
tained in the same way as in the NS-NS field background case. The simplest proposal
for the non-commutative multiple D-branes theory in the large R-R field background
should be defined by the Yang-Mills theory with covariant field strength. This pro-
posal was given in Ref. [18], and the multiple D4-branes theory in the large R-R field
background is
SNMRR4CF =
∫
d2xd3x˙
[
− 1
12
Hˆ1˙2˙3˙Hˆ1˙2˙3˙ +
1
2g
ǫαβFˆU(1)αβ −
1
4
FˆU(1)ν˙ρ˙ Fˆ ν˙ρ˙,U(1)
−1
4
Str
(
FˆSU(N)IJ Fˆ IJ,SU(N)
)]
, (12)
8
where
Str(O1O2 · · ·On) ≡ Tr
(
Sym(O1O2 · · ·On)
)
;
Sym(O1O2 · · ·On) ≡ 1
n!
(O1O2 · · ·On + all permutations). (13)
The trace operation is in the adjoint representation. Here we choose the symmetrized
trace as in the NS-NS field background [10]. In this construction, the U(N) gauge
potential a is already decomposed by the U(1) gauge potential aU(1) and the SU(N)
gauge potential aSU(N). The SU(N) generator satisfies the properties: Tr(T a) = 0;
Tr(T aT b) = Nδab; Tr(T aT bT c) = (i/2)Nfabc, where fabc is an anti-symmetric tensor.
For the pure U(1) sector, it is trivially the same as the single D-brane theory. The non-
trivial part is the SU(N) Yang-Mills term. The gauge potential b offers the non-trivial
interaction between the aU(1) and aSU(N) in the SU(N) Yang-Mills term. Therefore, we
want to use the SW map to examine whether the proposal is same as replacing the
gauge group
SCMRR4a
=
∫
d2xd3x˙ Str
[
− 1
4
FIJF
IJ
+g
(
1
2
F01F01F01 +
1
4
F01F
µ˙ν˙Fµ˙ν˙ − 1
2
F01F
αµ˙Fαµ˙ − 1
2
ǫαβF
αµ˙F βν˙Fµ˙ν˙
)]
. (14)
The solution of the SW map up to the first-order gives: Fµ˙ν˙ = Fˆµ˙ν˙ − g(∂µ˙bˆρ˙Fˆρ˙ν˙ +
bˆρ˙∂ρ˙Fˆµ˙ν˙ + ∂ν˙ bˆ
ρ˙Fˆµ˙ρ˙) + O(g2); Fαµ˙ = Fˆαµ˙ − g(∂αbˆρ˙Fˆρ˙µ˙ + bˆρ˙∂ρ˙Fˆαµ˙ + ∂µ˙bˆρ˙Fˆαρ˙) + O(g2);
Fαβ = Fˆαβ−g(∂αbˆρ˙Fˆρ˙β+bˆρ˙∂ρ˙Fˆαβ+∂β bˆρ˙Fˆαρ˙)+O(g2), in which bˆµ˙ = −∂µ˙∂˙−2FˆU(1)01 +O(g),
where ∂˙2 ≡ ∂µ˙∂µ˙. The covariant field strength for the SU(N) gauge group is expanded
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up to the first-order in g gives:
FˆSU(N)µ˙ν˙
= Fˆ
SU(N)
µ˙ν˙ +
g
(
∂σ˙ bˆ
σFˆ
SU(N)
µ˙ν˙ − ∂µ˙bˆσ˙Fˆ SU(N)σ˙ν˙ − ∂ν˙ bˆσ˙Fˆ SU(N)µ˙σ˙
)
+O(g2);
FˆSU(N)αµ˙
= Fˆ
SU(N)
αµ˙
+g
(
∂µ˙bˆ
σ˙Fˆ
SU(N)
σ˙α + ∂αbˆ
σ˙Fˆ
SU(N)
µ˙σ˙ + ǫαγFˆ
γσ˙,U(1)Fˆ
SU(N)
µ˙σ˙
)
+O(g2);
FˆSU(N)αβ
= Fˆ
SU(N)
αβ
+g
[
− Fˆ SU(N)αµ˙
(
∂β bˆ
µ˙ + ǫβγFˆ
γµ˙,U(1)
)
− Fˆ SU(N)µ˙β
(
∂αbˆ
µ˙ + ǫαγ Fˆ
γµ˙,U(1)
)]
+O(g2).
(15)
Hence the non-commutative version of the action SCMRR4a is given by
SNMRR4a
=
∫
d2xd3x˙ Str
[
− 1
4
FˆIJ Fˆ
IJ
+g
(
Fˆ
U(1)
01 Fˆ
SU(N)
01 Fˆ
SU(N)
01
+
1
2
Fˆ
U(1)
01 Fˆ
µ˙ν˙,U(1)Fˆ
U(1)
µ˙ν˙ +
1
2
Fˆ
U(1)
01 Fˆ
µ˙ν˙,SU(N)Fˆ
SU(N)
µ˙ν˙ +
1
2
Fˆ
SU(N)
01 Fˆ
µ˙ν˙,SU(N)Fˆ
U(1)
µ˙ν˙
−Fˆ SU(N)01 Fˆ αµ˙,SU(N)FˆU(1)αµ˙
−1
2
ǫαβFˆ
αµ˙Fˆ βν˙Fˆµ˙ν˙
+∂µ˙bˆ
ρ˙Fˆ µ˙ν˙Fˆρ˙ν˙ + ∂αbˆ
ρ˙Fˆ αµ˙Fˆρ˙µ˙ + ∂µ˙bˆ
ρ˙Fˆ αµ˙Fˆαρ˙ − ǫαβ∂αbˆρ˙Fˆ01Fˆρ˙β
)]
. (16)
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The SU(N) Yang-Mills term gives
−1
4
∫
d2xd3x˙ Str
(
FˆSU(N)µν Fˆµν,SU(N)
)
= −1
4
∫
d2xd3x˙ Str
(
Fˆ SU(N)µν Fˆ
µν,SU(N)
)
+g
∫
d2xd3x˙ Str
(
1
2
Fˆ
U(1)
01 Fˆ
µ˙ν˙,SU(N)Fˆ
SU(N)
µ˙ν˙ + ∂µ˙bˆ
σ˙Fˆ µ˙ν˙,SU(N)Fˆ
SU(N)
σ˙ν˙
−∂µ˙bˆσ˙Fˆ αµ˙,SU(N)Fˆ SU(N)σ˙α − ∂αbˆσ˙Fˆ αµ˙,SU(N)Fˆ SU(N)µ˙σ˙ − ǫαγFˆ γσ˙,U(1)Fˆ αµ˙,SU(N)Fˆ SU(N)µ˙σ˙
−ǫαβ∂β bˆµ˙Fˆ SU(N)01 Fˆ SU(N)αµ˙ − Fˆ SU(N)01 Fˆ αµ˙,U(1)Fˆ SU(N)αµ˙
)
+O(g2). (17)
The result shows that the SU(N) Yang-Mills theory loses the below terms
SNMRR4a − SNMRR4CF
= g
∫
d2xd3x˙ Str
(
Fˆ
U(1)
01 Fˆ
SU(N)
01 Fˆ
SU(N)
01 +
1
2
Fˆ
SU(N)
01 Fˆ
µ˙ν˙,SU(N)Fˆ
U(1)
µ˙ν˙
−1
2
ǫαβFˆ
αµ˙,SU(N)Fˆ βν˙,SU(N)Fˆ
U(1)
µ˙ν˙
)
+O(g2). (18)
Hence we show that the non-commutative multiple D4-branes theory in the large R-R
field background is different from the proposal. Because the degrees of freedom for the
gauge potential bµ˙ field is dual to the gauge potential aα, and we know that the gauge
group of all one-form gauge potentials is U(N), the difference should be expected.
5 Outlook
We solved the SW map up to the first-order in g for the multiple D-branes in the large
R-R field background. Applying the SW map to the non-commutative gauge theory
provided the commutative description. The action for the multiple D-branes theory can
be easily obtained from the single D-brane theory by extending the gauge group U(1)
to the U(N). Our result suggests that the non-commutative multiple D-branes theory
in the large R-R field background is necessary to have the non-Abelian field strength
associated with the gauge potential b. This should be particularly interesting because
it sheds light on the non-commutative multiple M5-brane theory. The construction of
a large R-R field background breaks the Lorentz symmetry, and it leads to a necessary
property, non-locality [18]. The non-locality is generated by ∂˙−2 for the D-branes in the
large R-R field background [18]. When one studies the low-momentum mode, the non-
local term ∂˙−2 is divergent. This should be problematic, but indeed, it is not because
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we take the large R-R field background limit first and then the low-energy limit. Hence
the construction can lead to a well-defined low-energy effective theory. The multiple
M5-branes theory possibly does not have an action with the Lorentz symmetry, but
the large C-field background breaks the symmetry [11]. Studying multiple D-branes in
the large R-R field background should be helpful for exploring the multiple M5-branes
theory without the Lorentz symmetry from the directions: (1) Extending the solution
of SW map to all-orders; (2) Defining the Nambu-Posson bracket with the U(N) gauge
group; (3) Writing the action in terms of the covariant field strength.
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